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ABSTRACT 

Carrying out perturbations around a lattice topological field theory in two 
dimensions, we show that it is on a first order phase transition fixed point with 
multiplicity n{n — l)/2, where n is the number of its independent physical observ- 
ables. We discuss about the order parameters and the finite size effect for the 
free energy. The finite size effect is described by the topological field theory. We 
investigate also the renormalization group flow near the fixed point, and show that 
the flow agrees with that of the Nienhuis-Nauenberg criterion. 
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It is a well known fact that a continuum field thoery can be defined on a lat- 
tice along a renormalization group fiow where the limit is a fixed point on a second 
order phase transition surface. The correlation length diverges on the fixed point. 
On the other hand there is another possibility for a fixed point of a renormaliza- 
tion group flow, where the correlation length vanishes. Are there any field theories 
corresponding to such a zero-correlation-length fixed point? Since the correlation 
length vanishes on such a fixed point, we expect that the correlation functions of 
some local observables are independent of their positions. This would be a charac- 
teristic nature of topological field theories. Recently some lattice topological field 
theories have been constructed'^"^*'. The specific nature of these lattice theories is 
that their physical observables are completely independent of the lattice structures 
on which they are defined. In this letter we investigate how the system is infiuenced 
by small changes of the local weights of the lattice topological field theories in two 
dimensions '^'*'^^'"', and investigate what kind of points they reside on. 

The basic elements of the two-dimensional topological lattice theory are the 
tensor C^^^ and the metric g"^^ of complex numbers satisfying the following con- 
straints : 

g-9 r (~^i'kl9 9 ^j'l'k'^ 
where the Roman indices run from 1 to M, and the tensor and the metric are 
invariant under the cyclic permutations of the indices. Consider a triangulated 
two-dimensional oriented surface with genus g. We assign Cj-^. to each triangle, 
where i, j, k represent the degrees of freedom on its three edges. And we assign g'^^ 
to each edge and connect the tensors on the two triangles which have the common 
edge. Then we will obtain a numerical value for the triangulated surface and call 
it the partition function'^'*'"'"' of the surface: 

^ Cli^iJ''' ■■■■ (2) 
The condition (1) guarantees the invariance of the partition function (2) under the 
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Mateev moves of the triangulation'^*', and hence it is independent of the triangu- 
lation of the surface 

We make a small shift of the tensor SCij^ from the original value corresponding 
to the topological theory: 

Cijk = Cjj^ + SCijk- 

We define the partition function by substituting Cfjj,. with Cijk in (2). Since the 
tensors do not necessarily satisfy the condition (1) anymore, the partition function 
depends on the triangulation. Thus from now on we consider certain triangulations 
of the surface. We will calculate the partition function perturbatively in SCijk- The 
first order terms are given by 

Z« = 5]<5C,,-,(P^^-^(x))„ (3) 



where the operator P'^^^{x) denotes the puncture operator of the triangle at x 
with indices j, k on its edges, and the one-point function {P'^^^[x))g is that of the 
original lattice topological field theory on the surface with genus g. Because of the 
topological nature, the one point function {P'^^^{x))g is independent of the position 
x, and hence the summation over the position x can be trivially done. Moreover all 
the puncture operators P*-^^ are not linearly independent in the correlation func- 
tions, and they are equal to certain linear combinations of the physical puncture 
operators (i = 1, • • • , n) (n < M) Thus the equation (3) is expressed as 

Z« = ArQ(P%, 
5Ci = SCijkAl'\ 

where N is the total number of the triangles on the triangulated surface, and A^-'^ 
are the projections to the physical puncture operators. We did not change the 
metric tensor g^^ . This is because the change in the metric tensor will change only 
the definition of 5Ci in (4) and it will not affect the discussions below. 
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It is not convenient to take the thermo-dynamical limit iV — oo of the per- 
turbed partition function + Zg^\ as can be seen from the higher orders. The 
p-th order is a summation over all the selections of p triangles among the N trian- 
gles on the surface. The leading term in comes from the cases where any of the 
p triangles are not next neighbors. Since the correlation functions are independent 
of their positions if they are not next neighbors, we obtain 

4^) = ^{(5CiP^)P) + 0{NP-\5C)P). 
Thus the partition function is obtained in a compact way as 



ip) 

p=i (5) 
{ex.p{N5CiP^))g + (lower orders). 



One can show iteratively that the partition function can be generally expressed in 
the form {exp(W))g in a perturbative treatment, and that NSCiP^ in (5) is the first 
order of a cluster expansion of W. The p-th order of the cluster expansion comes 
from p neighboring triangles. Thus the terms higher than the first one depend 
generally on the lattice structure, and hence they are not universal. In this paper 
we assume that W can be treated perturbatively in SCijk- 

The calculation rules in the two-dimensional lattice topological field theories 
are very simple in the standard basis The physical puncture operators satisfy 
the following rules : 

pipj ^ S'^P' (Fusion Rule), 
v' = {P%, 

1 = 1 

{0)g = {OH^)o, 

where {0)g denotes the correlation function of operator (9 on a surface of genus g. 

[13] 

And the t;*'s take only discrete vales, i.e., squares of integers . Using the above 
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rules, the numerical value of the partition function (5) is 




p=0 



n 



(6) 



i=l 



ins 




Thus in the thermo-dynamical limit N ^ oo the free energy per triangle is 



This result shows that the position of the lattice topological field theory {5Ci — 0) 
is a multi-critical first order phase transition point with multiplicity n{n — l)/2, 
around which there are n different phases. 

The order parameters of the phase transitions arc given by the one-point func- 
tions of the puncture operators. Define the one-point functions as follows: 



ary of a triangle with indices i,j,k on its edges. In the same way as the above 
calculations for the partition function, one obtains in the first order of the cluster 
expansion 



Here the 0{SCy' terms are the first order terms of the cluster expansion for the 
puncture operator, which depend on the local lattice structure. If we are in the 





where Z(P^^^)g is the partition function of the triangulated surface with a bound- 




5 



m-th phase, i.e., 6Cm is larger than the others, we obtain in the thermo-dynamical 
hmit 

which shows they are good order parameters. 

As can be seen in the above calculations, the one-point functions of the punc- 
ture operators of the lattice topological field theory do not appear anywhere after 
taking the thermo-dynamical limit. But they appear as the finite size effect, and 
in the m-th phase, the asymptotic form of the free energy per triangle is obtained 
from (6) as 

/ ~ -5Cm - ^ log(P-),. 

One would notice that the coefficient and the topology dependence of the finite 

size effect is calculable by the topological field theory, and that the 1/A^ finite size 
effect appears only when g ^ I. 

Next we will discuss the renormalization group flow near the multi-critical 
point. A partition function must be invariant under a renormalization. Suppose 
that the number of triangles N change to N' under one renormalization step. 
The most natural way to realize the invariance of the partition function (5) un- 
der the renormalization step is to define the renormalized coupling 6C'^ such that 
N6Ci = N'dC'j . This renormalization group flow agrees with that of the Nienhuis- 
Nauenberg criterion '^'^^ , which gives the renormalization group flow near a discon- 
tinuous flxed point, and shows that the multi-critical point is the ultraviolet flxed 
point of the flow. 

Simple examples of such topological fixed points can be found in the pa- 
rameter space of the ferromagnetic Potts model. Consider Potts spins G 
{1, • • • , Q} located on the sites of a triangular lattice and interacting among near- 
est neighbors. This model can be defined by a metric and a rank-three tensor as 
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follows: 

C{ij){kl){mn) = n5jk5imSniW{i,j)W{k,l)W{m,n), 
W{i,j) =exp { ^'^^j. , 

where k is a constant and T is the temperature. Those tensors satisfy the topo- 
logical condition (1) at T = and T = oo by choosing k appropriately. At T = 
the model is a lattice topological field theory ol n — Q and v'^ — 1 {i — 1, - ■ ■ ,Q). 
At T = oo the model is of n = 1 and — Q^, and the partition function depends 
on the topology of the surface. At the both points the correlation length is zero, 
and the lattice topological field theories are realized on the zero-correlation-length 
fixed points. 

In this letter we clarified some universal natures of the topological fixed points 
by the perturbative treatment. A fixed point on a first order phase transition 
surface is a zero-correlation-length fixed point. In fact we have shown that a 
lattice topological field theory with more than one physical observable is on a 
multi-critical first order phase transition point. Any point near a first order phase 
transition surface would be transformed to the neighborhood of a fixed point by a 
renormalization group transformation. From this view point wc believe that this 
letter suggests the possibility that lattice topological field theories would be useful 
to understand and classify the first order phase transitions. Thus it would be an 
interesting challenge to investigate whether any lattice topological field theories 
can also describe the non-trivial first order phase transition points of the Potts 
models with Q > 4. 
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